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Abstract. We consider energy-critical Schrodinger maps from R into 
S 2 and H 2 . Viewing such maps with respect to orthonormal frames 
on the pullback bundle provides a gauge field formulation of the evolu- 
tion. We show that this gauge field system is the set of Euler-Lagrange 
equations corresponding to an action, which is seen to include a Chern- 
Simons term. We also consider harmonic map heat flow and harmonic 
maps from a related point of view. For the Schrodinger evolution, we de- 
rive several conservation laws. These conservation laws give rise to virial 
identities and suggest a framework for proving Morawetz estimates. We 
conclude by comparing the gauged Schrodinger map system with the 
Chern- S imons- S chrodinger system . 
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1. Introduction 

Our purpose in this article is to develop a gauge field variational approach 
for obtaining some particular well-known gauge field systems that alterna- 
tively may be derived from an underlying geometric map. We employ our 
approach in dimension d = 2, where the underlying geometric map equations 
of interest are energy-critical. 

One motivation for pursuing such a variational derivation is the desire to lift 
all salient aspects of the geometric map equations to the gauge field level. 
This is because in practice the analysis of these equations lends itself to the 
gauge field formulation, and many state-of-the-art results are obtained by 
working with gauge field formulations. 
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An advantage of the gauge field variational formulation is that it clarifies the 
role of the underlying symmetries and the application of Noether's theorem. 
Indeed, we derive several natural conservation laws. Though these relations 
are gauge invariant, and therefore hold at the level of the map, we believe 
that the gauge field approach that we adopt here clarifies the important role 
of the underlying geometry and places us in a better analytic framework for 
proving estimates. In particular, we anticipate that our approach will be 
useful in establishing virial identities and various Morawetz estimates, and 
we touch upon these topics briefly. 

The thrust of this article is toward developing a framework for studying 
the energy-critical Schrodinger map system with target § 2 or target M 2 . 
It will be seen to enjoy many characteristics analogous to those enjoyed 
by the Chern-Simons-Schrodinger system. At the same time, there are 
important differences, an interesting consequence of which is the relative 
ease with which finite-time blow-up solutions may be constructed for the 
Chern-Simons-Schrodinger system as compared to the effort required for 
Schrodinger maps. 

Nearing the completion of this article it was discovered that aspects of our 
approach to Schrodinger maps have precedent in the physics literature, see 
[32] . where an action at the gauge field level is introduced and conservation 
laws are derived for the case where the target is S 2 . The action that we intro- 
duce, however, is slightly different, and this difference is key to obtaining all 
constraints internally from the variation rather than having to impose them 
from without as is done in [32]. The use of "reduced fields" tp± := tpi ± ifa, 
which in the mathematics literature have recently been put to good use in 
studying Schrodinger maps, e.g. see [BIS], also has precedent in [32]. As our 
approach in this article is geometric and our focus is toward establishing 
virial identities and Morawetz estimates, we strongly recommend that [32] 
be consulted for physical interpretations. 

1.1. Geometric map equations. Suppose we have (j) : M. d — > M, where 
M. d is Euclidean space, M is a Riemannian manifold with metric h, and <p is 
a smooth map. Consider the Lagrangian 



z JR d 

where here and throughout we sum repeated Roman indices over all spatial 
variables. The associated Euler-Lagrange equation is 



the solutions of which are called harmonic maps. Here V denotes the Levi- 
Civita connection on M and </>*V denotes the pullback of this connection to 
M d . The downward gradient flow associated to (P) generates the harmonic 






(2) 
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map heat flow equation 

M = {<j>*V)jd^ (3) 

If the target manifold M happens to be Kahler, so that it carries a complex 
structure J, then we would like to introduce in the action a Schrodinger-like 
term. As this term ought only to carry one derivative, the natural pairing 
is with a 1-form. There can, however, be topological obstructions to global 
nonvanishing 1-forms, such as is the case for S 2 . To handle the target § 2 
one may first stereographically project to C and then on that level write 
down a suitable action [521 [TS] , though this procedure does not genuinely 
circumvent the fundamental topological issue. In any case, on the level of 
maps we are led to the Schrddinger map equation 

d t 4> = Ji&WV)^ (4) 

From the physical point of view, equation arises in ferromagnetism as the 
Heisenberg model for a ferromagnetic spin system; it describes the classical 
spin [271 E71 [321 El [36] . 

Solutions of the above equations all enjoy scale invariance. Solutions of ([2]) 
are preserved by the scaling 

4>(x) i-s> 4>(Xx) A > 

and solutions of ([3|) and are preserved by the scaling 

4>(t,x) ^ cp(X 2 t,Xx) A>0 

For each of these equations, the natural energy is also given by (pQ): 

E {4>) ■= \ [ (dj<l>,dj<l>)h(<i>(x))dx 

Energy is formally conserved by (|3J), and as noted the flow of © is the 
downward gradient flow associated to the energy. The energy of rescaled 
solutions scales according to 

E{<t>{x)) = \ 2 - d E{4>{\x)) 

In dimension d = 2, both the equation and the energy are preserved by 
rescalings. This is called the energy-critical setting, and from now on we 
assume d = 2. 

The literature on harmonic maps and harmonic map heat flow is vast and 
we make no attempt to survey it here, other than to point readers to the 
works [281 14*2| [T5l [20] and the references therein. The wellposedness theory 
of Schrodinger maps is not nearly as developed but recently much progress 
has been made. For the critical small data global wellposedness theory, see 
[3]. See also [U dU EU [19J [35] and the references therein. 
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1.2. Gauges. One theme unifying the study of equations ([2]) — (jl]) is the use 
of gauges or moving frames: for each point in the domain, e.g. each (t,x) £ 
I x R 2 for cases ([3|) and (j4]), we choose an orthonormal basis of TM^u x y 
Frames have been used extensively in studying harmonic maps [20J, and 
their use in the setting of Schrodinger maps in proving wellposedness was 
initiated in [6]. Our notation and perspective follow closely that in [441 
Chapter 6]. In the energy-critical case with a surface as the target, we have 
one degree of freedom in our choice of orthonormal frame for each (t, x). For 
maps from R 2 into M € {§ 2 ,HI 2 } evolving on some time interval /, a gauge 
choice may be represented by the diagram 

R 2 x R 2 — >■ 4>*TM > TM 

d a (f> 

I x R 2 / x R 2 — ^ M 

Here ip a = e*d a (fr denotes the vector d a cj) written with respect to the choice of 
orthonormal frame, represented by the map e(t, x). The Levi-Civita connec- 
tion pulls back to the covariant derivatives D a := d a + iA a , which generate 
curvatures F a p := d a Ap — dpA a . Orthonormality of the frame ensures A a £ 
R. The zero-torsion property of the connection enforces the compatibility 
condition D a ipp = Dpip a . Using the fact that § 2 has constant curvature 
+1, one may calculate directly that F a p = lm(^}pi/} a ). Similarly, using the 
fact that H 2 has constant curvature —1 leads to F a p = —Im(ippip a ). So that 
we can consider both cases simultaneously we will write F a p = film^pipa), 
taking fj, = +1 for the sphere and \i = —1 for the hyperbolic plane. Thus 
for any map 4> an d any choice of frame e(t,x), it holds that 

F a/3 = fjthn^pipa) and = Dptp a 

These relations are all preserved by the transformations 

4> ^ e~ id (p A^ A + dO (5) 

where 0(t,x) is a compactly supported real-valued function (we only use 
time-independent functions in the case of ([!])). This gauge invariance cor- 
responds to the freedom we have in the choice of frame e(t, x). 

Here and throughout we use do and dt interchangeably. We also adopt the 
convention that Greek indices are allowed to assume values from the set 
{0, 1, 2}, whereas Roman indices are restricted {1, 2}, meaning that Roman 
indices indicate only spatial variables. 

At the gauge field level, the energy-critical harmonic maps equation (|2|) 
assumes the form 

/xlm(-02^i) (6) 
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The procedure for obtaining gauge field representations of evolution equa- 
tions is slightly less straightforward. For the harmonic map heat flow, for 
instance, we begin by pulling back the left and right hand sides of equation 
©: 

^ = Drfj (7) 

To obtain an evolution equation from ([7]), we covariantly differentiate in a 
spatial direction by applying D k and then invoke the compatibility condition 

D k ip t = D t ip k : 

D t ip k = D k Djif)j 

By using the curvature relation to commute D k and Dj and then apply- 
ing the compatibility condition Djifj k = D k ipj, we obtain a covariant heat 
equation for tp k . All told, we obtain the system 



(8) 



Note that we have eliminated the field tpf The gauge field equations for 
Schrodinger maps are similarly derived. For the analogue of (|7|) is 



f 


= DjDjipk - iF jk 7pj 


Fqi 


= film^Djipj) 




= film^Djipj) 






Dxip 2 





ipt = iFtjtfjj 



and we arrive at the system 



D t ip k 


= iDjDjipk +F jk ^j 


Fqi 


= fiRe(ipiDjipj) 


' Fq2 


= fj,Re(ip2F>jipj) 


F\2 


= (j,lm(ip2ipi) 


Diip 2 





(9) 



Remark 1.1. All three of the above systems, i.e., ([6]), (|8|), and (J9]), are pre- 
served by gauge transformations ([5]). In order to obtain well-defined flows, 
one must eliminate the gauge freedom by making a gauge choice. See [HI 
Chapter 6] for a survey of various gauge choices. It appears that the best 
gauge for handling arbitrary Schrodinger maps (e.g., maps without any sym- 
metry assumption) is the caloric gauge, which was introduced in [43] in the 
context of wave maps and first applied to Schrodinger maps in [3J. The 
preferred gauge for studying harmonic maps and Schrodinger maps with 
equivariant symmetry is the Coulomb gauge. 

Remark 1.2. It is natural to ask whether solutions of ([6]), ([8]), or ([9]) must 
arise from an underlying map. Assuming sufficient decay and regularity, this 
is indeed the case; see [13] for a discussion in the setting of wave maps. 
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1.3. Topology. Because d 2 A = for any 1-form A, the following always 
holds: 

d t F 12 - + d 2 F 01 = (10) 

This simple observation is very useful in studying the gauge field systems 
©— ®. 

Definition 1.3. The first Chern number c\ of a vector bundle over R 2 with 
connection A is the integral 

ci ■■= — [ dA = — f Fi 2 dx l A dx 2 

For solutions (i/j, A) of a gauge field system, we also refer to c\ as the charge. 



The "underline" notation introduced here we will also use in the sequel: an 
underlined form means take only the spatial components of that form. For 
instance, if A = A$dt + Ajdx^ , then A = AjdxK 



Lemma 1.4. The curvature condition (|10p implies the conservation law 

d t — I F 12 dx = 



for rapidly decaying solutions of ([8]) or ([9]), i.e., charge is conserved. 



A less obvious fact is that for the system ([6]), charge is quantized, which is 
to say that it is integer- valued. At the level of maps, this follows from the 
Gauss-Bonnet theorem and the fact that dA is the pullback by the map of 
the volume form on the target. Charge in fact characterizes the homotopy 
class. To prove quantization at the gauge field level, one exhausts M 2 with 
nested discs, applies Stokes' theorem to the integral of dA over each disc, 
and then controls the resulting integrals over the boundary that arise. The 
field equations are of course essential in establishing quantization. See [3Q(, 
Chapter 3] for further discussion. 



2. Lagrangian formulation 



In this section we show that the system ([9]) arises as the Euler-Lagrange 
equations of a suitable gauge-invariant action. The difficulties encountered 
at the level of the map do not arise. In view of Remark (|1.2j) . this furnishes 
a Lagrangian formulation for the Schrodinger map system. 

In carrying out variations we work formally, assuming smoothness of all 
quantities and assuming that fields and variations are rapidly decaying. 
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Theorem 2.1. The energy- critical gauged Schrddinger map system ([9]) is 
generated by the action 

L Sch (ip, A) := / [Re(^ 2 A^i) - Im(A-^ 2 dx 1 A dx 2 A 

7K2+1 

+ « / (lV>i| 2 + lV>2| 2 )dt AdA + /4 / ,4AdA 

•provided that the compatibility condition D\ij)2 = ^2^1 holds at the initial 
time. 

Proof. We verify the variation. 

Variation of ip. The variation of ipi,ip2 respectively give rise to the AV^ 
and D t ipi evolutions of Q. 



Under the variation ipi i— > t/t + e0, the terms linear in e from 

1 

2 J 



Re^A^i), -Im(D^2^V , i), ^12^1 1 



are, respectively, 



Re(V> 2 A0), -ImiDjfaDrf), F 12 Re(^) 
Integrating by parts in 

/ [Re(^ 2 A0) - Im(A^A/0) + F 12 Re(V>i<£)l dxdt 

JR2+1 

yields 

/ [-Re(0A^2) - Im^DjDj^) + F 12 Re(^i)] dxdt 

JR2+1 

which leads to the evolution equation 

A^2 = iDjDjip2 + -Fi2^i 
Similarly, under the variation ^ 2 1— > ^2 + we obtain the e-linear terms 



Re(0A^i), -ImiDrfDjih), F 12 Re(^ 2 ) 
which lead to the evolution equation 

D t ipi = iDjDjipx - F 12 tp2 

Variation of A. The variation of Aq leads to the iq 2 curvature equation. 
Varying A\ and A 2 respectively yield preliminary A2 and Ai equations. 
To obtain the compatibility condition A ^2 = AiV'lj we enforce it at time 
zero and then show using Gronwall's inequality that the condition persists. 
Once we have the compatibility condition, we can substitute it back into the 
preliminary Fqj equations to obtain the equations appearing in Q. 

Under the variation A — > A + eB, we get from /j,^ J ^4Ad^4 the e-linear term 

[iB A dA 
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which can be verified using Stokes and the fact that for 1-forms A, B we 
have d{A A B) = dA A B — A A dB. Upon expansion, the term appears as 



/ (B t F 12 - B 1 F 02 + B 2 F m ) dxdt (11) 

JR2+ 1 



From Re(ip 2 Dttpi), we get from the variation of A the e-linear term 

- fl t Im(^i) (12) 

As there are no other At variation terms, we conclude from (jlip and (I12j) 
that 

F 12 = //Im(^i) (13) 
We also have e terms coming from the variation of the Aj. In particular, 
—lm(D j^F) jipi) contributes 



BjRe^Dj^) - BjReiDjifaih.) (14) 
Finally, we have to handle 

\ [ (\rpi\ 2 + \rp 2 \ 2 )dtAdA 
To do so we first invoke Stokes to obtain 

\ [ d[(|^| 2 + k/> 2 | 2 )dt] A A 
and then expand to get 

-/ (A 2 di\ip x \ 2 dx 1 Adt A dx 2 +^i9 2 |^| 2 ) dx 2 Adt A dx 1 (15) 
Varying (|15|) with respect to A and then expanding yields the e-linear terms 
/ [BtRe^D^t) + BtRefaD^) - £ 2 Re(^iL>iV>i) - ^Re^^iV^)] cfocft 

7R2+1 

(16) 

Comparing the Si terms in (|11|) . (|14|) . and (|16|) leads to 

[Re(^ 2 £>iV>i) - Re(A^Vi) + Re^iL^l) + Re^A^) - nF 02 ] = 
This yields 

/jF 02 = BefaDjfy) + Re(^i(^ 2 ^i - D^)) (17) 
Similarly, comparing B 2 terms leads to 

[Re(^2^2^i) - ReCD^^i) - Re^Di^i) - Re(^ 2 W2) + M^oi] = 
and 

tiFm. = RefaDjfy) + Re(^2(^i^2 - A^i)) (18) 
By direct calculation one may verify that (fTU|) holds with (fT3|) . (fT7|) . and 

(Hsu. 



The compatibility condition 
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Set 

B := D x ih ~ D 2^i 

Then 

D t S = D x D t ^ 2 - D 2 D t iJ>i + iF m ^ 2 - iF 02 4>i (19) 
By direct calculation, 

D t ipi = iDxDjijj - iD 2 Q 
D t ^ 2 = iD 2 D^j + »D a e 
which, upon substituting into (fl~9j) . yield 

D t S = i(D x D 2 - D 2 Di)Djtpj + iDjDjO + iF m ^ 2 - iF 02 ipi 
= -F X2 Dji)j + iF 01 ip 2 - iF 02 ^i + iDjDjO 
Invoking ([ED, (OH), and <$E§, we find 

-F 12 Djipj + iF iV>2 - iFoa^i = fii [V>2Re(^ 2 6) + ^iRe(^iG)] 
Therefore 

D t Q = iDjDjQ + pi [V> 2 Re(^ 2 e) + ^iRe(^G)] 
so that in particular 

Re(GA©) = djReiQiDjQ) - fjJm{Q [^Re^e) + ^Re($i6)] ) 
Consequently 

d t \ f |e| 2 dx < sup (|^i| 2 + IV2I 2 ) / \&?dx 
* Jm. 2 r 2 Jr 2 

Therefore if = at time zero, then we conclude by Gronwall's inequality 
that B is zero for all later times for which the solution exists. By time 
reversibility of the system, this means that the compatibility condition 

D^j 2 = D 2 fa (20) 

holds for all times on the interval of existence provided that it holds at at 
least one point in the interval. 

By using the compatibility condition (|20]) in ([TBI) and (117]) . we recover the 
Foj equations of ([9]). □ 

Remark 2.2. The initial data of (ip,A) may be chosen in any way that is 
consistent with the curvature constraints and compatibility condition. 

Remark 2.3. The time compatibility conditions Doipk = D^ipo are not 
present because we have no need for — and therefore have not introduced — 
the derivative field V'o- 

Remark 2.4. An essential a priori difference between our action and that 
introduced in [32] is that instead of a term quartic in tp, we introduce a 
term quadratic in ip and linear in dA. This has the effect of coupling ifj 
and dA in such a way so as to yield the desired equations for Fqj under no 
additional assumptions (save that the compatibility condition be satisfied 
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at the initial time). A posteriori, however, i.e., after the derivation of the 
Euler-Lagrange equations, these terms are seen to be equivalent. 



3. Gradient flow 



Theorem 3.1. The energy- critical gauged harmonic map heat flow system 
© is generated by the gradient flow of 

H H ar&,A) :=- ! [ReiDj^kDj^k) - ^-[Im^^i)] 2 J d%l A dx<2 

If v ' 

- fx- / dA A *dA 



2 

provided 

F12 = /xlm(^i), Dnp 2 = D 2 ipi (22) 

at the initial time. 



Proof. We first obtain ([8]) with Aq = 0. A posteriori one may incorporate 
Aq in the flow and retain gauge invariance. Note that (|21j) itself is 
invariant under time-independent gauge transformations. 

Varying ip\ leads to 

[Re^DjDjipi) + /jlmfaipi) lm(^ 2 0)] dx 1 A dx 2 

The associated downward gradient flow for ip\ is therefore 

<%V>i = DjDjip! + iiAm(tp2ipi)^2 (23) 

Similarly, varying ^2 leads to 

dtip2 = DjDjip2 — i/jlm(^2'^i)tpi (24) 

Varying .Aj leads to 

BjIra(tp k Djip k ) - Bjiid k F jk 

Which gradient direction we choose for Aj depends upon fx: when we couple 
the Fqj equations with (|10p . we want to obtain a forward heat evolution for 
F12 rather than a backward heat flow. Therefore we take 

F 0j = d t Aj = fjlm(tp k Djtp k ) - d k F jk (25) 
so that coupling (|25j) with (flOl) yields 

{d t - A)F 12 = n [dihn$ k D 2 'il>k) ~ d 2 Im('ip k D l 'ip k j] 

= fx [-2\^{p2~f k D^ k ) + bn(^ fc (DiD 2 - D^Dx)^)] (26) 
= fx [-21m(rMJ~ k D^ k ) + Fi 2 (|Vl| 2 + 1^2 1 2 )] 
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On the other hand, using (|23j) . (I24"l) . we get 

dtlm^ipi) = lm(ijj2dtipi) - Imfadtfo) 

= ImfaDjDjfa) - TmfaDjDjifa) + /xIm(^i)(|V>i| 2 + |t/> 2 | 2 ) 
= Alm(^i) - 2Im(S^Z) i ^ 1 ) + //Im^O^i) 2 + |^ 2 | 2 ) 

so that 

(d t - A)/Jm(^i) = -2 f ,lm(D~^D j ip 1 ) + 1m(Mi)(\ih\ 2 + l</>2| 2 ) (27) 

Comparing (J2SD and (|2"7j) suggests F 12 = /ilm(^2^l) an d -DiV^ = D 2 ipi, and 
we enforce this at the initial time. Using a Gronwall inequality argument 
similar to that in Theorem l2.14 one enforces the compatibility condition at all 
later times; then one concludes F\2 = fi!m(ip2' l Pi) for all time by uniqueness 
of solutions to the heat equation. 

Returning to (|25[) and having established that conditions (|22p hold for the 
entire interval of existence, we obtain 

F 0j = fjJ.m(ipjD k ip k ) 

□ 

Remark 3.2. Harmonic map heat flow is the key tool used to construct the 
caloric gauge. See [43ll4Tj . 



4. SOLITONS 



We define solitons as steady states of the above equations. Evident from 
the geometric map formulation of the evolution equations is that harmonic 
maps constitute the solitons for harmonic map heat flow and Schrodinger 
maps. 

Lemma 4.1. If (if), A) are smooth and satisfy 



{ (D 1 + iD 2 )^ x 
{D x + iD 2 )i> 2 
F\ 2 



or 



[{Di- 
Vh- 
F\ 2 



iD 2 )ipi 
iD 2 )tp 2 






D 2 i> x 




D 2 i> x 



(28) 



(29) 



and F\2 7^ at at least one point, then (ip, A) satisfy the energy- critical 
gauged harmonic map system ([6]) and provide stationary solutions of the 
gauged harmonic map heat flow system flSJ) and the gauged Schrodinger map 
system ([9]). 
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Proof. We consider solutions of (f28l) . as solutions of ([29]) may be handled 
analogously. Invoking the compatibility condition D\tp 2 = D21P1, we con- 
clude from the first two equations of (I28p that 

(D 1 ^ 1 +i^ 2 ) =0 
\D 2 (Vi+iV2) =° 
Differentiating (f30l) leads to 

(D1D2 - D 2 D l )(i) l + i-fa) = iF 12 (ipi + iip 2 ) = 
which in view of the fact that F\ 2 7^ at at least one point, implies that 

V>i = -itp 2 (31) 
holds at some x € M 2 . Thanks to ([30]) . we have for j = 1,2 that 

3j#i +^2 1 2 = 
for all x E M 2 . Therefore §S) also holds for all x € R 2 . 
Together flEE]) and (J28|) imply 

Djtpj = (D x + iD 2 )4>i = 

To see that (J8j) and Q are satisfied, it only remains to use the compatibility 
and spatial curvature conditions to write 

DjDjipk - iF jk ipj = DjD k ipj - iF jk = D k Djipj 

□ 

Remark 4.2. Note that solitons satisfying (]28|) have 

/"i ? 12 = -^(|V'l| 2 + IV'2| 2 )<0 

and that solitons satisfying ([29]) have 

^F 12 = -(\^ 1 \ 2 + \^ 2 \ 2 )>0 

which in particular fixes the sign of the topological degree. When Fi 2 = 
^fOV'il 2 + IV^I 2 ), topological quantization automatically implies quantiza- 
tion of the quantity 



which on the level of maps corresponds to energy-quantization of harmonic 
maps. 

Remark 4.3. Regularity results and the reverse direction of Lemma l4.1l are 
of interest but we do not establish either here. Also we note that it is not 
always the case that nontrivial smooth finite-charge solutions exist. 
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Conservation laws are developed at the gauge level in [32] and at the level of 
maps in [18]. Our approach here is at the gauge level, in the spirit of [HE]. 

We begin by introducing the pseudo-stress-energy tensor T a p, defined via 
Too =^(|^i| 2 + |V>2| 2 ) 

T j = Im(ipeDjifj£) (32) 
Tj k = 2Re(DjipeD k ip e ) - 5 jk AT o 

Theorem 5.1. Solutions (ip,A) of the energy- critical gauged Schrddinger 
map system ([9]) satisfy the conservation law 



and the balance law 



d a T 0a = (33) 



d a Tj a — 2F a jT 0a (34) 



Proof. First we establish (|33|) . Using the evolution equations in Q , we have 

^|V>i| 2 = Re(^A^i) 

= Re(ij) 1 iD j D j 'ip 1 ) + Re^Fjiipj) 
= djReiiptiDjipi) + F 2 iRe(^ 2 ) 



and 



Consequently, 



\d t \*p 2 \ 2 = djRe^iDj^) + F 12 Re(^ 2 V>i) 



^ t (|Vi| 2 + IV2I 2 ) = djRe(tpeiDjipe) 

Next we show (|34|) . which is more involved. We start by using the evolution 
and curvature conditions to obtain 



d t T j = lm(DtipiDjip£) + ImtyiDtDjipe) 



Im^DkDkipiDjipi) + lm(F ke ip k Djil)i) (35) 
+ lm(^ e DjD t ipi) + ImiipiiFojtpi) 



The rightmost term of (135j) can be rewritten as 

Im(^iFo^) = F 0j (\^\ 2 + |^ 2 | 2 ) = 2F 0j T o 
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In view of the evolution equation, curvature conditions, and compatibility 
condition, the first term of the last line of f|35f) expands as 



= Im(tp e iD k D j D k ip e ) - lm(ijjiF jk D k tpi) + hn(ipeDj(F M if) k )) 
= Im^iDkDjD^) + ha(ip£Dj(F k £ipk)) + F kj T 0k 



= dklmtyeiDjDkipi) - lm(D k i(;eiDjD k tpe) 
+ \m{^iDj{Fkii}k)) + FkjT ok 

Appealing only to the curvature conditions and compatibility condition, we 
rewrite the first term of the second to last line of (1351) as 



lm(iD k D k ipeDji{je) = d k lm(iD k ipeDjipe) - Im(iD k ipeD k Djilj e 



dkhn(iD e il) k DjiJ)i) - lm(iD e ip k D k D j 'ip e ) 



where we rewrite —lm(iD^ k D k Dj^g) as 



-1m(iD e il> k D k Djili e ) = -Im(iD £ ilj k DjD k ifj t ) - Im(iD e i(; k iF k jtlj e ) 
= -Jm(iD£ip k DjD k ipi) - F k jlm(D k ipeipe) 



= -Im(iD£i/; k DjD k il)t) + F kj T Qk 

so that 



lm(^iD k D k ip£Djip£) = d k Im(iD e ip k Djipi) - Im(iD £ ip k DjD k i/j e ) + F kj T ok 
Together 



ImtyiDjDtipi) + lm(iD k D k ip e Djip e ) 



= d k lm.{ip(,iDjD k ip() + d k lm(iD e ifj k D j 'ip i ) + Im(i()iD j (F ki ilj k )) + 2F kj T 0k 
Therefore 

dtToj = 2F a jTo a 



+ dklmiipiiDjDkipe) + <9 fc Im(£D^ fe .Dj^) (36) 
+ Im('ip£Dj(F k itp k )) + Jm^Fk^kDjipi) 
The last two lines of (|36[) may be rewritten as 



d k djlm(ipiiD k ipi) - 2d k lm(D j il!£iD k i{; l ) 

+ djIm(i/jeF k eipk) ~ 21m(D j ip e F ki ip k ) 

The first term of (j37H can be rewritten as djAToo. The third term of ([3 
is /j,djFf 2 - For the fourth term, we have 

-2lm(D~iT e F M 4> k ) = -2F X2 nd j F l2 = -fidjF^ 

Therefore 



d t T 0j = -2a fc Im(D j ^iD fe ^) + djAToo + 2F aj T 0a 

□ 
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Corollary 5.2. For rapidly decaying solutions of ([9]), the quantity 

is conserved. 

Corollary 5.3. Define the 1-form T via 

T = Too (it + Tojdx 3 
Then the conservation law (j33|) implies 

d*T = 

from which we conclude that there exists a 2-form potential U satisfying 

d*U = T 

Lemma 5.4. Let 

H S ch ■= (-MD^D^x) + i(|^| 2 + |V2 1 2 )^) dx 1 A dx 2 (38) 

Then, for rapidly decaying solutions of the gauged Schrddinger map system 
([9j) ; it holds that 

H S ch = \ [ dT = \ I (diT 02 - d 2 T m ) dx 1 A dx 2 = 

Proof. Using the compatibility and curvature conditions, we calculate 
lmiD^hD^) = lm(D^lDxipi) 

= ^Im(5^M>i) - Im(r^D^Vi) (39) 
= diIm(D 2 ipiipi) - lm(D 2 D 1 ipi'ip 1 ) - Im(iFi 2 '0i?/>i) 
The right hand side we may expand as 

d 1 lm(D 2 ^i) - 5 2 Im(Z?i^i^i) + Im^^iA^i) + F l2 \^\ 2 

which by virtue of the string of equalities in (|39p is equal to \m(D 2 ip\Diil)i). 
This implies 

2Im(rJ2V^Di^i) = dxhni^fx^) - d 2 Im(D^h^ 1 ) + F 12 \^\ 2 
and hence 

Jm(S^Diih) = ~ {d{hn(Thfi^l) ~ 5 2 Im(rJ^Vi) + Ti 2 |Vi| 2 ) 
By conjugating and reversing the roles of the indices, we similarly conclude 

lm(D 2 il> 2 Di^i) = - (dzlmfaDifa) ~ <9iIm(^ 2 £> 2 V> 2 ) + F 12 \i[i 2 \ 2 ) 
Therefore 

-Im(rJ^ 2 " J D,Vi)+^(lV'i| 2 +^2| 2 )i ? i2 = \ (aiIm(^D 2 ^) " dzimfaDn/jj)) 

□ 
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6. VlRIAL IDENTITIES AND MORAWETZ ESTIMATES 



We follow the presentation in [7] , though we refer the reader also to [U [39] . 

A virial identity was established in the context of equivariant Schrodinger 
maps in [1]. For virial and Morawetz identities in the context of radial 
Schrodinger maps, see [19]. Following [39J, both [30] and [12] establish some 
frequency-localized estimates in the setting of Schrodinger maps by using 
virial and Morawetz-type arguments. 

Define the virial potential by 



The conservation law fj33f) followed by integration by parts implies 



We recover the generalized virial identity from [TJ Lemma 3.1], adapted to 
the setting of Schrodinger maps. 

Lemma 6.1. Let a : R 2 — >• R and let {if), A) be a solution of ©. Then 



Jo Jr 2 

Proof. Using the Morawetz action, balance law, and integration by parts, 
we have 




and the Morawetz action by 




d t V a (t) = M a (t) 




a + 2F a jTo a dja\ dxdt 




□ 



We also have its corollary: 



Corollary 6.2. If a is convex, then we can further conclude that 




Interaction Morawetz estimates 



Recalling T a p defined in ([32]) . let 



P = Tqo, pj = T 0j 



and 



Tjk = o-jk — SjkAp 
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where 

a jk = 2R^(Djip i D k ip£) 
We can then rewrite the conservation law (1331) as 



d t p + djpj = 

and the balance law (|34p as 

dtPj + d k {(j jk - S jk Ap) = 2(F 0j p + FkjPk) 

Take a tensor product of two solutions (i^^ , A^) and (ip^ 2 \ A^). The 
corresponding Morawetz action is 



M(t) 



Tjodjd dxdy 



Set a 



x 



y\. It follows by direct calculation that 



M(t) 



Tjodjd dxdy = 4 



Pj(t,x)p(t,y)dxdy 



& \x - y\ 

The dimension of the underlying space suggests following the commutator 
vector operator approach introduced in [8]. As indicated by the remarks in 
[3 §4], it remains to suitably control the balance terms F a jTo a . 



7. Comparison with Chern-Simons-Schrodinger 



In two spatial dimensions, the Chern-Simons-Schrodinger equation arises as 
the second-quantization of a nonrelativistic anyon system. For background, 
see[Ml[ini[ia[ISl[IIl[231[Ml[2aEI]. Local wellposedness at high regular- 
ity is established in [5] using the Coulomb gauge and at low-regularity for 
small data in [29] using the heat gauge. In the setting of Chern-Simons- 
Schrodinger systems, the heat gauge appears to have been first introduced 
in [9]. The small-data critical wellposedness problem is open. 

Lagrangian formulation 



L(c(>,A) 



Im(^A0) + \D X (, 



§1 



dx Adx Adt+ 



AAdA 



The action is 
1 
2 

with Euler-Lagrange equations 

both of which enjoy the gauge freedom ([5]). It is interesting to note that 
(|40p is Galilean invariant, whereas (J9j) is not; the obstruction lies with the 
compatibility condition. In the above g is a coupling constant. The so-called 
"critical coupling" is g = |, and this is what we consider below. 



iDiD£(j) + ig\ 

-Im(0D 2 0) 
Im(<£Di0) 



(40) 
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Gradient flow 



The gradient flow of 



\D x c 



dx 1 A dx 2 + 



1 



cL4 A *eL4 



yields 



D t <t> 

which with d 2 A = imply 
(d t - A)Fi 2 



— Im(0-Di<; 
-Im(0D 2 <; 



— ^2^12 

+ <9iF 12 



9iIni(^Z)20) - 5 2 Im(0Z>i 



In analogy with the caloric gauge for Schrodinger maps, the Chern-Simons 
gradient flow can be used to construct a caloric gauge for the Chern-Simons- 
Schrodinger system. Both caloric gauges can be interpreted as modifications 
of the Coulomb gauge; in the case of Chern-Simons-Schrodinger, the mod- 
ification is not sufficient to render the caloric gauge a favorable alterna- 
tive to the Coulomb gauge for the purposes of establishing wellposedness. 
The source of the difference lies in the F\ 2 curvature, which in the case 
of Schrodinger maps exhibits a null-form-like cancellation, but in the case 
of Chern-Simons-Schrodinger behaves like |</>| 2 . The author thanks Daniel 
Tataru for sharing this observation. 

Solitons 

Stationary solutions of (|40p are the so-called self-dual and anti-self-dual 
Chern-Simons solitons. These are solutions of 



or, respectively, 



{ (Di + iD 2 ) 

Fq2 
F\2 

{ {D x - iD 2 ) 
Fqi 
F02 

F\2 





-Im(<^D 2 <; 
Im(<^Di0) 





-lm(4>D 2 (, 
Im(0Di0) 

-m 2 



In this case Aq is not identically zero so long as eft is not. We refer the reader 

to pHE]. 



Conservation laws 
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For the Chern-Simons-Schrodinger system (140 1) . we set, following [7], 

Too =m 2 

T 0j = Im^Djcf)) 



T jk = 2Re(Dj<t>D k <t>) - 5 jk {T 00 + A)T C 



oo 



Here there is no distinction between the conservation law (|33p and the cur- 
vature relation (|10p . Note that for (ft not identically zero we always have 

dA = - T 00 dx < 
Jr 2 

The balance law (|34p is still valid in this context: 

daTja — 2F a jTo a 

The right hand side, however, vanishes thanks to Foi = — T02, -F02 = Tqx, 
and F12 = —Tqo, so that 

daTja = 

A caveat, however, is that Tj k in this setting incorporates a —5j k TQ term. 
Lemma 7.1. For sufficiently regular solutions ((/),A) of (|40p . the quantity 



E(4>) :=- I (\D 
2 Jr 2 V 



,, vi 2 - — l^l 4 I dx 



4 



is conserved. 



Proof. The result may be verified by direct calculation using the system 
El. Note that 



E{<f>) = -! (Tn + T 22 ) 
4 Jr2 



□ 



Virial identities 

The — SjkT^Q term in Tj k adds a term in the generalized virial identity with 
a sign that is unfavorable for establishing Morawetz estimates. 

Lemma 7.2. Let a : IR 2 — > R and let ((ft, A) be a solution of PU|) . Then the 
Morawetz action 

M a (t) = / Tojdja dx 

satisfies 

M a (T) - M a (Q) = f [ [iReiTJJ^Dk^djdka - T 00 A 2 a - T 2 Aa] dxdt 
Jo Jr 2 
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For a = \x\ 2 , it holds that 
df [ \x\ 2 T 00 dx = d t M {a=lx{2} (t) = 2 [ (\D x <t>\ 2 - T 2 ) dx = 4E(</>) (41) 

Equation (|4ip was used in [5] to establish the existence of finite-time blow-up 
solutions by taking data with negative energy or data with positive energy 
and sufficiently large weighted momentum. We remark that |22| constructs 
finite-time blow-up solutions that have zero energy. The fact that (|4ip holds 
is closely tied with exact conservation laws and pseudo-conformal invariance 
[441 §2-4]. Solutions in |22j were constructed by exploiting pseudo-conformal 
invariance. In the case of Schrodinger maps, (|34p is not an exact conservation 
law. Moreover, pseudo-conformal invariance fails to hold, the obstruction 
being the compatibility condition [21] . If the compatibility condition were 
dropped, then Hs c h introduced in ([38]) could be made to be nonzero, but not 
otherwise. Constructing blow-up solutions for Schrodinger maps is therefore 
more involved [Ml G31 [38] ; see also the complementary stability result [I] . 
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